HOMOGENEOUS HYPERCOMPLEX STRUCTURES AND THE JOYCE'S 

CONSTRUCTION 
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Abstract. We prove that any invariant hypercomplex structure on a homogeneous space 
M = G/L where G is a compact Lie group is obtained via the Joyce's construction, provided 
that there exists a hyper-Hermitian naturaUy reductive invariant metric on M. 



1. Introduction 

A hypercomplex structure Q on a manifold M is a set of integrable complex structures on 
M of the form Q = {al + 6 J + cK] + iP' + = 1}, where I, J, K = IJ are complex 
structures satisfying UK = — 1. A Riemannian metric g on M is called hyper-Hermitian if 
it is Hermitian w.r.t. every complex structure in Q; it is easy to see that hyper-Hermitian 
metrics always exist. A hyper-Hermitian manifold {M,g, Q) admits a HKT-structure, where 
HKT means hyper-Kahler with torsion, when there exists a metric connection V that leaves 
every complex structure in Q parallel and whose torsion tensor T is totally skew. When 
a HKT-structure exists, the connection V is unique and it is called the HKT-connection; 
actually it coincides with the Bismut connection of every complex structure in Q (see e.g. 
[5]). We refer the reader to [6l[T5l[T6] for equivalent definitions and basic properties of HKT- 
structures, which have also played an important role in theoretical physics (see e.g. [SI [9]). 
Hyperkahler structures are a special case of HKT-structures, namely when the HKT- 
connection coincides with the Levi-Civita connection of g, i.e. it is torsionfree. Actually, the 
hyperkahler condition is extremely stringent and examples are rare; for instance homogene- 
ity forces the manifold to be flat (see e.g. [3]). On the contrary, there are plenty of examples 
of HKT-structures, even when M is supposed to be compact and homogeneous. In [H] the 
authors described and classified all the left invariant hypercomplex structures on compact 
Lie groups, for which there exists a biinvariant, hyper-Hermitian Riemannian metric. Joyce 
[TO] then described a way to construct hypercomplex structures on homogeneous spaces of 
compact Lie groups; this construction, which we recall in section [2^ has been then used and 
revisited by several authors, see e.g. \12\ I13j. Our first main result states that, if G is a com- 
pact Lie group, then every G-invariant hypercomplex structure on a homogeneous G-space 
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is obtained via the Joyce construction, provided that there exists a naturahy reductive G- 
invariant, hyper-Hermitian metric; this metric automaticahy endows the homogeneous space 
with an invariant HKT-structure. As a corollary of the proof of this first statement, we also 
get the fact that the semisimplicity of G forces the group to be of a special kind, namely with 
every simple factor of type An- These results are summarized in the following 

Theorem 1.1. Let G be a compact connected Lie group acting transitively and almost effec- 
tively on some manifold M preserving a hypercomplex structure Q. Suppose that there exists 
a naturally reductive G -invariant metric g on M which is hyper-Hermitian w.r.t. Q. Then 

(1) there exists a Cartan suhalgehra of the complex reductive algebra and a correspond- 
ing root system for the semisimple part of such that the hypercomplex structure Q 
coincides with the one given by the Joyce's construction; 

(2) if G is semisimple, then every simple factor of g is of type An- 

The existence of a naturally reductive metric which is hyper-Hermitian is supposed and 
extensively used in [14] as well as in our arguments, while we are unaware of any result 
proving it. We refer the reader also to [121 Theorem 4], where the existence of a family 
of invariant HKT structures on compact homogeneous spaces is discussed. Our last result 
reduces the existence of a hyper-Hermitian naturally reductive metric on a homogeneous 
space to the case of a Lie group. 

Proposition 1.2. Let G be a compact Lie group and M = G/L a G-homogeneous space 
endowed with an invariant hypercomplex structure Q. Suppose L is not trivial and connected. 
Then 

(1) The connected component Y of the fixed point set of L containing the origin [eL] 
is a positive dimensional hypercomplex submanifold. In particular x{M) = 0; 

(2) If g is an invariant naturally reductive metric, it is hyper-Hermitian if and only if its 
restriction to Y is. 

Notation. Lie groups and their Lie algebras will be indicated by capital and gothic letters 
respectively. We will denote the Cartan-Killing form by B. 

2. Preliminaries 

2.1. Invariant complex structures. In order to establish the notation we briefly recall the 
structure theory of compact homogeneous complex manifolds; the reader is referred e.g. to 
[l] for a more detailed exposition. 

Let M be a compact complex manifold and let G be a compact connected Lie group acting 
almost effectively, transitively and holomorphically on M. We will write M = G/L for some 
compact subgroup L. Up to a finite covering we can assume that L is connected. We will also 
denote by / the G- invariant complex structure on M. 
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The complexified group G acts holomorphically on G/L, so that M = G /Q for some 
connected complex subgroup Q C G'^. It is well known that the Tits fibration (p provides a 
holomorphic fibering of the homogeneous space M over a compact rational homogeneous space 
G'^/P, where the parabolic subgroup P is in general defined to be the normalizer Nqc{Q°) 
of Q° (see [Ij); since Q is connected the fibres of (f> are complex tori. The flag manifold G'^/P 
can be written as G/C endowed with a G- invariant complex structure I, where C is the 
centralizer of some torus in G. Accordingly the Lie algebra g can be decomposed as 

(2.1) = [eten, 

where c = [ © t and n is an Ad(C)-invariant complement of c in g. Since t identifies with 
the tangent space to the fibre we have [t, t] = 0. Moreover the algebra c is contained in 
the normalizer of [ in g by construction, hence [[, t] C [ R t = 0. We can choose a Cartan 
subalgebra f} of the form t) = tf (B t^, where t( is a maximal abelian subalgebra of [. Denote 
by R the corresponding root system of g*^, by Ri the subsystem relative to [ so that = 
t[ © ®a£Ri Qa, and by Rn the symmetric subset of R such that n*^ = ^^eRn S"' '^^^ ^' 
invariant complex structure I induces an endomorphism of n*^ that is Ad(C)-invariant and 
therefore the corresponding subspace n^''' is a sum of root spaces. The integrability of I is 
equivalent to the condition 

r„i,0 „i,Oi r- »,i.o 

and one can prove (see e.g. [2|) that there is a suitable ordering of Rn = Rn U i?^ such that 

n^'° = © 0., n°'i = g„. 

The G-invariant complex structure / on G/L induces an Ad(L)-invariant endomorphism, still 
denoted by /, of m*^, where m := t + n. It leaves both t and n invariant with I\n = I and 
the integrability of / is equivalent to the vanishing of the Nijenhuis tensor Nj, namely for 
X,Y em 

(2.2) [IX, lYU - [X, YU - I[IX, YU - I[X, lY^ = 0. 

Equation (j2.2p is trivial for X,Y e i and with X € t and 1" € n it reduces to the ad(t)- 
invariance of /. When X,Y en, then ()2.2p is the integrability of T because [n^''^, n^''^] C n^'''. 
Viceversa, we start with a decomposition as in (|2.ip . where [ + 1 = c and c is the centralizer 
of an abelian subalgebra. If we fix an ad(c)-invariant integrable complex structure X on n and 
we extend it by choosing an arbitrary complex structure It on t, then Ii + T will provide an 
integrable L-invariant complex structure on the homogeneous space G/L. 
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2.2. Hypercomplex and HKT structures. A hypercomplex structure on a manifold M 
is determined by a pair of anticommuting complex structures. Whenever such a pair (/, J) 
is given, one has a 2-sphere of complex structures on M given by {al + bJ + cIJ: a,b,c £ 
M and a"^ + b"^ + = 1}. 

A metric g on a hypercomplex manifold M is called hyper-Hermitian if it is Hermitian with 
respect to both the complex structures. A metric connection V on a hyper-Hermitian manifold 
(M, g, I, J) is called hyper-Kdhler with torsion (HKT) if V/ = V J = and the torsion is 
totally skew-symmetric, i.e. the tensor t{X,Y, Z) = g{T'^ {X,Y), Z) is a 3-form. 
Note that if such a connection exists, then it is unique since it is the Bismut connection of 
each complex structure (see [5]). 

An important technical tool we use in section [3] is the following well-known fact (see |17j). 

Proposition 2.1. Let {M,I) be a complex manifold. An almost complex structure J on M 
anticommuting with I is integrable if and only if the tensor Njj defined for X,Y G T(TM) 
as 

(2.3) Njj{X, Y) = [IX, JY] + [JX, lY] - I[JX, Y] - J[IX, Y] - I[X, JY] - J[X, lY] 
vanishes identically on M . 

Using the notation of subsection 12.11 we consider a homogeneous space M = G/L where the 
compact group G preserves a hypercomplex structure generated by /, J and K = /J. 
Given a G-invariant decomposition g = [ + m and the corresponding canonical connection D, 
it is known that any G- invariant tensor on the homogeneous space G/L is L)-parallel (see 
e.g. [H]). Since the torsion of D is given by T^{X,Y) = —[X,Y]m, we see that D becomes 
the HKT-connection if there exists a G-invariant naturally reductive metric on M that is 
Hermitian with respect to / and J. 

2.3. The Joyce construction. In |10) Joyce explains how to construct invariant hypercom- 
plex structures on suitable compact homogeneous spaces. His construction can be outlined 
as follows. Given a compact Lie algebra g we fix a Cartan subalgebra f) of g*^ and denote 
by R the set of corresponding roots. We can find a sequence 6i, ... ,9k of roots such that if 
sf = s[2(C) is the subalgebra generated by the root spaces Qei^Q-et and 

i 

where 3gc(s*?) denotes the centralizer of s^" in g^, then one has the decomposition 

k k 

(2.4) = bfc© 05^0 fi. 

i=l i=l 
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The Lie algebra of the isotropy I C is chosen as follows: the semisimple part of I coincides 
with the semisimple part of bk and the center 3( of [ is a subset of the center 3' of bk such 
that dim^' — dim^i — A; =4 0. We denote by m the S-orthogonal complement of [ in g. 
The invariant hypercomplex structure on G/L is obtained by the following Ad(L)-invariant 
hypercomplex structure Q on m. The structure Q^f- coincides with ad(si). We select B- 
orthogonal vectors ui, . . . ,Uk in 3' H m and use the fact that qj = Si © Mu, = EI to define Q|q- . 
The complement of 31 Mui in 3' can be endowed with an arbitrary linear hypercomplex 
structure. 

3. Proof of the main results 

3.1. Proof of Theorem 11.11, part (1). We write M = G/L for some closed subgroup 
L C G. We will also suppose that L is connected, otherwise we pass to a finite covering. We 
will suppose that G/L admits a naturally reductive metric g with respect to the reductive 
decomposition 3 = I + m, which is Hermitian w.r.t. every complex structure in Q. We recall 
(see e.g. [11]) that the metric g induces a scalar product on m such that, for every X,Y, Z G m 

(3.1) g{[X, YU Z) + g{Y, [X, Z^ = 0. 

Using (13. ip and the Ad(L)-invariance of g, it is immediate to see that g{i, n) = 0. 
We fix one complex structure I £ Q and apply the structure theory explained in section 2.1, 
keeping the same notation. If now J G Q is an integrable complex structure anticommuting 
with /, we think of J as an Ad(L)-invariant endomorphism of m and we may formulate 
Proposition 12. II as follows: for every X,Y 

(3.2) [IX, JYU + [JX, lYU - I[JX, YU - J[IX, Y]^ - I[X, JY]^ - J[X, lY]^ = 0. 

If we now extend J to the complexification m*^, we see that J(m^''^) = m'^'^ and J{m^'^) = m^'^. 
If X € m^'° and Y G m°'^, equation (|3.2p reduces to 

i[X, JY]^c - i[JX, Y]^c - I[JX, Y]^c - I[X, JYU = 0, 

which is automatically satisfied since [m^''^, m^''^]^c C m^'''. 

If X,Y G m^''' we see that Njj{X,Y) G m'^'^ and therefore equation (|3.2p is equivalent 
to g{Njj{X,Y),Z) = for every Z G m^''^. Using the fact that g is naturally reductive and 
Hermitian w.r.t. I and J, we have that equation ()3.2p is equivalent to the following condition: 
for every X,Y,Z G m^'*^ the cyclic sum 

(3.3) e^x,Y,z) 9{JX,[y,ZU) = 0. 

We now consider the root system R associated with the choice of the maximal abelian sub- 
algebra (t[ + t)*^ of as described in section 2.1. The root subsystem where m = t © n 
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has an ordering = U R„ induced by the complex structure / and we can select a root 
9 E R^ which is maximal w.r.t. this ordering, namely for every a € R^ 

e + a^Rt- 

Throughout the following we will denote by {Ha, Ea}a£R the standard Chevalley's basis of 
the semisimple part of q'^. 

We here remark that, since the metric g is naturally reductive, for a, f3 i?^ we have 
g{Ea, Ep) = whenever a / — /3 and g{Ea, E^^) 7^ 0. Moreover if iH^ G t one can see that 

II 1 1 2 

g{Ea,E-a) = where ||a|p = g{iHa,iHa) ■ 

Lemma 3.1. We have JEq € t*^. In particular Eg is centralized by [. 

Proof. Since g{t,n) = 0, we need to show that g{JEg, Ea) = whenever a € R^- To do this 
we can first take X = Eg, Y = E^ and Z = H G D m'^^''^^ in formula (|3.3p and obtain 

{a + e)iH) g{JEe,Ea) = 0. 

Now, if a + 6 does not vanish on t*^ n m*^^''^) , then the claim follows. Otherwise a + 9 vanishes 
on the whole t*^ since a + € it*; in this case we can take H' G t( such that (a + 0){H') ^ 0. 
For such a H' we have [H',JEg] = 9{H')JEg and, contracting with E^ and using the fact 
that g is J-Hermitian, once again we get 

{a + e){H') g{JEg,Ea) = 0, 

obtaining our first claim. The second assertion follows from the fact that [[, t] 
ad([)-invariance of J. 

Now we want to compute the t'^-component of JE^ for a G R'^. 

Lemma 3.2. Given a G R^ the following statements hold: 

(i) // a[t| = then JE^ = ka{Ha + il Ha) 'Oiiodn^ for some ka G C. In particular 

JEq = kg{Hg + HHg), wherc \kg\^ = 
(fi) //a|t, ^ then JEa G n*^. 

Proof. In order to prove (i) we first note that iHa lies in t. We now apply (j3.3p taking X = Ea, 
Y = Hi and Z = H2 where i^i, G n m^'°. Thus we obtain 

g{JEa,a{H2)Hi - a{Hi)H2) = 0. 

The linear space spanc{a(i?2)-f^i — 0!{Hi)H2 : Hi, H2 G t*^ nm^'*^} coincides with {v — ilv : 
V, Iv G (Ker a) Pit}. This means that the t^-component of JEa is of the form -){w + ilw) with 
7 G C and if G t is 5-orthogonal to Ker a. Since g(ii?a,Kera) = we can choose w = iHa 
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and the claim follows for a suitable ka G C. The last assertion follows from the following 
computation 

g{Ee,E.e) = \kg\^g{He - iIHe, He + iIHe) = 2\ke\^g{Hg, He) = 
= 2\kefg{[Ee,E_e],Hg) = 2\ke\^\e\^g{Ee, E_e). 

As for (ii), we select € t( with a{H) ^ and use the ad(l)-invariance of J to compute 

a{H) g{JEa,i) = g{[H,JEa],i) = g{JEa,[H,i]) =0. 

□ 

We note that ke is determined up to multiplication by a complex number of unit norm, since 
J can be chosen in the circle of complex structures in Q which are orthogonal to /. 

Lemma 3.3. (i) If a,j3 G i?+ and a + j3 ^ R, then g{JEa,Ei3) = 0. 

(ii) If a, 13 G and a + /3 = 7 G i?+ with 7|t| ^ 0, then g{JEa, E^) = 0. 

I l|2 

(iii) If a, (3 £ i?+ and q + /3 = 7 G R'^ with 7|tj = 0, then g{JEa, Ep) = 2k^y^Nci^i3. 

Proof. The first assertion can be easily proved with the same argument used in Lemma l3. 11 
In order to prove (ii), let G t[ with ^{H) 7^ and use the ad([)-invariance of J to compute 

a{H)g{JE^,E^) = g{J[H, E^], E^) = g{[H, JE^], Ep) = -g{JE^,[H, Ef,]) 
= -g{JE^,P{H)Ep) = -P{H)g{JEo^,Ep) 

so that the claim follows. 

As for (iii), we select H £ t with ^{H) ^ and set H' = H — ilH. Using (I3.3P we have 

j{H')g{JEa,E[s) = g{JH', [E^,E^]) = N^^p g{JH',E^) = -N^,fs g{JE^,H'). 
Applying part (i) of the previous Lemma we get 

-f{H')g{JE^,Ep) = -N^^p k^{g{H^,H') + ig{IH^, H')) = -2N^^pk., g{H^, H') 

= 2 7(i7')iVa,/3fe^^. 

and the claim follows. □ 

We now consider the highest root 9 and define R{9) = {a G R^; 9 — a G R}. Note that 
a G R^ lies in R{9) if and only if a ^ 9 and B{a,9) ^ 0. Moreover if a G R{9), then 
9 — a £ Rn- indeed, if ^ — a = /3 G Ri, we have 9 — 13 = a £ R, hence [£'e,i?_^] 7^ 0, 
contradicting the fact that [I, -Eg] = (see Lemma IS.ip . 

Lemma 3.4. If a e R{9), then JE^ G n*^. 
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Proof. Suppose JEa has a component along t*^ . Using Lemma 13.21 we compute 

= g{JEa, JE^e) = kake g{Ha + UH^, Hg + ilHg) = 2k^ke g{Ha, Hg) = 

= 2kak0 g{[Ea,E^a\,He) = -Ik^ke a{Hg)g{Ea, E^a). 
Since a G R{G) we have that a{Hg) ^ 0. Therefore fc^ = and the claim follows. □ 

Lemma 3.5. If a R{0), then g[JEa,Ep) = for every (3 € unless a + /3 = 9. 

Proof By Lemma [3^ (i), it is enough to take f3 G R^ so that a + /3 = 7 € -R. Moreover by 
Lemma [3.3l (iii). we may suppose that 7|t, = 0, hence j\i ^ 0. Choose H G t^'^ with j{H) / 0. 
Now, if 7 7^ 6*, by Lemma EH] we have that g{J[Ea, Ei3],i) = 0. Equation ()3.3p with X = Ea, 
Y = Ep and Z = H implies ^{H) g{JEa, Ep) = and the claim follows. □ 

The previous Lemma says that for every a S one has JE^ = XaEa~e for some Xa € C\{0}. 
Using Lemma 13.31 (iii) we have 

||^||2 

(3.4) Xoig{Ea-g, Eg_a) = g{JEa, Ee~a) = '^kg-^^Nafi-a ■ 

Using the fact that g is naturally reductive we have 

g[Ea-e,Eg-a) — g[E_g,±yg) 



which, combined with ()3.4p gives 

JEa = 2kgNa,~gEa-^g ■ 

Let s{9)'^ be the subalgebra of generated by Eg and E^g, and define 5(6') = 5(9)'^ n q. 
Obviously s(6') = sp(l). Set also 

Zg = I{iHg) G t, U{9) = 5(9) e M Zg. 

Then Q leaves u{9) invariant and Q|u(6») is determined by the formula J Eg = kg{Hg + ilHg). 
We also define fg = qCi 0QgR(e)(0a © 5-a) and = n 0agc'(e)(0a ® S-")' where C{9) = 
{a G R+; {9, a) = 0} = R+ \ {Ri9) U {9}), so that 

n © spanuiiHg, Zg} = u{9) ® f © cg. 

Proposition 3.6. The hypercomplex structure Q leaves fg invariant and Q|fg = ad(s(0))|fg. 

Proof We will show that there exist ag,Tg G 5{9) such that for every X G fe we have 
JX = [ag,X] and IX = [Tg,X]. Let 0-51 = 2{kgEg — kgE_g) and Tg = n^-- The claim is a 
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consequence of the following direct computations 



[ae,E^\ = -2ke[E^e,E^] = -2keN^e,aEa-e = JEa 



[TdjEa] — JZi2i^S,Ea] — 2 — — ^ — iE^ — lEa 



where in the last equation we have used the fact that 2^^^ = 1 since the 0-string of a is 
formed only hy a — 9 and a (see e.g. [7]). □ 

We now set 9i := 9 , ki := kg and define inductively the roots 9j as follows. 

1) 9j^i is maximal in C{9j), i. e. + a for every a G C{9j); 

2) C{9j+i) := {q € Ci9j) : 9j+i - a ^ R} 

We then set R{9j+i) = {a € C{9j); 9j+i - a e R} and f^+i = gD 0aeR(e,+i)(0a ® 0~")- 
Moreover we define Sj+i = sp(l) as the real subalgebra generated by -Egj+i , -E^-Sj+i (note that 
Si = 5{9)) and Uj+i = Sj+i RZj+i where Zj^i = HHq.^^ G t. 
Now we have 

Proposition 3.7. There exists a set of roots 9i, . . . ,9i such that for j = 1, . . . ,i we have: 

(i) the subset C{9i) is empty; 

(ii) the hypercomplex structure Q leaves anduj invariant. In particular Q^^. = ad(sj)|j^. 
and we have J Eg. = kj[Hg. + iIHg.) for a suitable kj € C (hence I centralizes 5j); 

(iii) there is a g-orthogonal decomposition g = [ © t © ©j=i ® ©j=i h' '^^^^^ t lies in t 
and is Q-invariant. Moreover [i,Uj] = 0, [uj,Ufc] = for j ^ k and [uj,fj] C fj; 

(iv) the root 9i can be chosen as the highest root 9 of the whole root system R of q with 
respect to an ordering such that i?+ ^ 

Proof. The first three statements can be proved by induction using exactly the same argu- 
ments as in the previous Lemmas and in Proposition I3.6i The only new statement to prove 
is (iv). To do this it is enough to show that the highest root space Qg does not belong to 
Suppose now by contradiction that Eg G f'. Given a G R~ , we have JE^ = + 
for some H £ and G C and therefore [Eg, Ea] = —J[Eg, JEa] = because 9 + i?+ ^z! R 
and [[, t] = 0. Hence [-EgjU] = and therefore [£'g,m'^] = 0. But this cannot happen otherwise 
expQ{Eg — E_g) would act trivially on M, contradicting the (almost) effectiveness of the 
G- act ion. □ 

Note that the decomposition obtained above matches with decomposition (12. 4p if we take 
bfc = [ © t © 3, where 3 is the center of 0j=iUj. We also note that we have the following 
necessary condition: if 3^ is the center of the centralizer in 3 of {s{9i), . . . , s(0^)}, then 

(3.5) dim3^ > £. 
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3.2. Proof of Theorem 11.11. part (2). We first prove the claim in the case in which G is 
simple, using Proposition 13.71 and condition (13.5p . 

Since the root 9i can be chosen as the highest root 9 of the whole root system, we can start 
from the "Wolf decomposition" of g with respect 9i = 9: 

=s(0i) e3g(s(0i)) emi 

where mi is identified with the tangent space of the corresponding Wolf space. 
By a case-by-case inspection for simple groups it is not difficult to see that for every set 
of strongly orthogonal roots 9i = 9, . . . ,9i of Q, we have dim 3^ < £ unless g is of type An- 
If g = su(n) we have indeed dimj^ = £ for every choice of 9i = 9,...,9i. (see also [131 
Proposition 1]). 

Suppose now that g = gi © . . . © 0r where the g^-'s are simple Lie algebras. The set of roots 
Q = {9i, . . . , 9£} is the disjoint union of the subsets Qj of all roots in Q belonging to Qj. Now 
splits as a direct sum of the centers 3^ of the centralizers in g^ of the subalgebras generated 
by the roots in Qj. Then dim 3^ = X]j=i dim^j < = ^ if at least one factor of g is 

not of type An by the previous discussion. 

3.3. Proof of Proposition [TT2l (1) Suppose that Y is reduced to a point. For any / € Q the 

corresponding Tits fibration vr has a typical fiber that is pointwisely fixed by the isotropy L, 
hence trivial. This means that M is a flag manifold with an invariant hypercomplex structure. 
If we decompose g = [ + m with m an ad([)-invariant subspace, it is known that the ad(l)- 
irreducible submodules rrij (j = l,...,k) of m are mutually inequivalent (see e.g. fl]) and 
therefore Q-invariant. Now [ has a non trivial center c and there is a submodule, say mi, such 
that ad(c)|mi is not trivial. Then using the irreducibility of mi, we see that Q\mi belongs to 
ad(c)|rn^, contradicting the fact that the Q\mi contains anti-commuting elements. Therefore 
Y has positive dimension and is Q-invariant. Since L is not trivial, we see that Y is also a 
proper submanifold. 

(2) Suppose now that the restriction of g to Y is hyper-Hermitian and consider the decom- 
position g = [ + t + n as in section 12. H relative to some I G Q. Note that [[, t] = means 
that t projects to a subspace of T[f.i]Y and therefore g\ixt is /-Hermitian. Now xv^ is a sum of 
root spaces w.r.t. the Cartan subalgebra (ti + t)*^ and a simple computation using the natural 
reductiveness and the ad([)-invariance of g shows that g{Ea,Ep) = for every roots a,/3 
with a + /? 7^ 0. Our claim now follows form the fact that g{IEa, lE-a) = g{Ea,E-a) for 
every root a. 
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